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ABSTRACT 
A study was undertaken to develop an analytical model that can be used for patch 
designs of cracked plates using the single-side composite patch.  The model helps to 
select a patch material (i.e., elastic modulus of the material) and the patch thickness in 
order to reduce the Strain Energy Release Rate (SERR) at the crack tip. In other words, in 
order to achieve the desired SERR using the single-side patch, the analytical model can be 
utilized to find a proper patch material and patch dimensions for the given cracked plate 
if the plate modulus and thickness as well as the crack size are known. The model is 
based on the axial and bending stresses of the single-side strap joint, and those stresses 
are related to the SERR at the crack tip of a plate with a single-side patch repair. In order 
to verify the analytical model, finite element analyses were conducted to determine 
stresses as well as SERR in many different patched plates. The numerical study confirmed 
the validity of the analytical model to predict the reduced SERR resulting from the single-
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I. INTRODUCTION 
 Sensitized aluminum structures develop cracks. The traditional metal repairing 
techniques such as welding are expensive and difficult for application to the sensitized 
materials. An alternative repairing technique is bonded composite patching on cracked 
surfaces. [1] Bonded composite repairs have been applied to aircraft, off shore oil 
production and other naval applications [2-6]. There are many advantages for composite 
repairs. Some of the practical aspects are that the composite repair technique can be 
applied to complex shapes of surfaces; is faster than normal metal fabrication repairs; 
does not require hot work; is easier for in situ repair and also easy to redo the repair if it 
fails; and composite materials are resistance to corrosion which is important in marine 
environment. 
As stated in Ref. [1], the use of bonded composite patches to repair structural 
damage to a Navy ship is well within the capability of ships force. There is no need to 
delay the repairs until at least a scheduled Continuous Maintenance Availability (CMAV) 
or a full Selected Repair Availability (SRA). If bonded composite repair is delegated to 
ship’s force, the cost of repair will be reduced significantly. Furthermore, any 
unsatisfactory repair can be easily corrected. 
There has been extensive research in composite patch repairs. References [7-9] 
investigated the fatigue crack growth while Refs. [10-12] examined the effect of thermal 
residual stresses. Furthermore, the effects of plate curvatures were studied in [13-16]. In 
general, the composite patches may be applied to both sides of the damaged surface or 
one side of it. The former is called the double-sided patch while the latter is called the 
single-sided patch. Double-sided patches are generally more effective than single-sided 
patches. [17-20] However, some limitations to accessibility require single-sided patches, 
which are quite common in ship repairs.  
Applying symmetric patches to both sides of a cracked plate reduces the stress 
intensity factor (or energy release rate) at the crack tip significantly. The symmetric 
double-sided patches do not alter the neutral plane of the plate. However, single-sided 
patches result in a shift in the neutral plane away from its initial location of the unpatched 
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plate. The shift in the neutral plane induces a bending stress on the plate which is largest 
on the un-patched surface even under inplane loading. This bending stress may affect 
significantly the effectiveness of a single-sided repair. [21] 
Some basic parameters to be considered in the design of a composite patch are the 
size, shape, and material of the patches. [2] The patch size should be large enough, within 
the limitations of the patchable area, for proper load transfer from the plate to the patch.  
Material properties of the patches to be considered are stiffness, strength, coefficient of 
thermal expansion (CTE), effectiveness for the operating environment, etc. Common 
composite materials used in composite repair are E-Glass, Boron, and Carbon fiber 
composites. When the patch material is selected, determining the geometric dimensions 
of the patch, especially the thickness of the total patch layers, significantly affect the 
effectiveness of the patch repairs. As a result, the objective of this report is to develop an 
analytical model to help the patch designer with selecting proper patch parameters in 
designing single-sided composite patches for thick flat plates. In particular, the design 
parameters are the geometric dimensions and elastic moduli of the patches. 
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II. ANALAYTICAL MODELS 
A. SINGLE-SIDE STRAP JOINT MODEL 
If a small strip containing the crack, shown by the lines AA’ and BB’ in Fig. 1,  is 
isolated from a single-side patched plate, it is similar to a single-side strap joint as seen in 
Fig. 2. As a simplified model for the single-side patched plate, the strap joint is 
considered here. If the overlap between the base and patch layers is long enough, there is 
a section where both the layers will share the applied load F as indicated by CC’ in Fig. 
2. The free body diagram for section CC’ in Fig. 2, is sketched in Fig. 3, in which 1t  and 
2t  are the thicknesses of the base plate and composite patch layers, respectively. 
Furthermore, ct  is the centroid of the whole cross-section, and F and M are the axial force 



























































The stress in the base plate is computed from the mechanics of material approach, 
i.e., from the axial force and bending moment, respectively. The maximum and minimal 
normal stresses in the base plate layer are computed as below for the free body diagram 
in Fig. 3: 
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Here, eqA  and eqI  are the cross-sectional area and moment of inertia of the cross-section 
using the transformed section method based on the base plate material. Assuming unit 
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in which ct  is the centroid of the transformed section calculated as 
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The width of the structure in Fig. 3 is assumed to be unity.  Writing the above 
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where aS  and bS  are the axial and bending stiffness ratios of the patch layer to the base 















=  (10) 
Equations (1) and (2) are the normal stresses at the bottom and top of the base 
plate in Fig. 3. These stresses are expressed in terms of the average axial stress and the 
bending stress as below: 
 ( )max min12
axial
base base baseσ σ σ= +  (11) 
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B. STRAIN ENERGY RELEASE RATE 
 The Strain Energy Release Rate (SERR), G, is a commonly used parameter to 
represent the stress intensity of the crack tip. For the unpatched plate subjected to the 
average applied stress, applbaseσ , the SERR is proportional to the square of the stress as 
below: 
 ( )2applno patch baseG σ− ∝  (16) 
where the proportional constant depends on the crack size and plate size, and the 
subscript ‘no-patch’ denotes the unpatched plate. 
 As the cracked plate is patched by a composite layer, the SERR is affected by the 
stresses axialbaseσ  and 
bend
baseσ .  The axial stress 
axial
baseσ  is the stress component for the axial 
deformation while the bending stress bendbaseσ  is the component resulting in bending of the 
patched plate. Therefore, axialbaseσ  can be considered as in a plate with symmetric double-
sided patches, whose stress intensity factor aK is proportional to 
axial














On the other hand, the bending stress bendbaseσ  is assumed to be proportional to the stress 







∝  (18) 
in which a is the crack length. 
 The sum of stress intensity factors resulting from the axial and bending stresses is 
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The SERR for a cracked plate with a single-side patch is proportional to the square of the 
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 (21) 
where β is the proportional constant to be determined later. Equation (21) expresses the 
SERR ratio of the patched plate to the unpatched plate in terms of the normalized axial 
and bending stresses computed from the single-side strap model as provided in the 
previous section. 
 
C. PATCH DESIGN 
 Design of a single-sided patch requires the selection of the patch material and its 
dimensions of the patch. These dimensions include the patch length, width, and thickness. 
The length is defined as the direction normal to the crack orientation, and the width is the 
direction parallel to the crack orientation.  
 The goal of the patch is to reduce SERR at the crack tip of the base plate in order 
to increase the service life of the base plate. Generally, the width and length of the patch 
can be selected such that each of them is at least a couple times longer than the crack 
width. However, selection of the patch thickness and patch material is more sensitive to 
SERR. Equation (21) provides the guideline for selecting a proper combination of the 
thickness and material. The SERR ratio indicates how much the SERR value is reduced 
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resulting from the patch. For example, if the SERR ratio is 0.5, it means that SERR is 
reduced by half at the crack tip because of the patch. 
 The computational procedure is summarized below. 
1. Using the selected patch material (i.e. elastic modulus) and thickness, compute the 
maximum and minimum stresses in the base plate using Eqs. (1) and (2). 
2. Compute the axial and bending stresses using Eqs. (11) and (12). 
3. Normalize the axial and bending stresses using Eqs. (14) and (15). 
4. Compute the SERR ratio using Eq. (21). 
5. Determine whether the SERR ratio is a desired target value. If yes, stop here. 
Otherwise, change either the thickness, patch material, or both and go back to Step #1 for 
the next iteration. In order to reduce the SERR ratio, it is necessary to increase the 





III. ANALYSES AND RESULTS 
A. ANALYSES OF THE SINGLE-SIDE STRAP JOINT MODEL 
A finite element analysis model was developed for the geometry as shown in Fig. 
4 to verify Eq. (1).   The plate in the model is 24 in. long, 20 in wide and 0.25 in. thick, 
and the plate has an elastic modulus of 10x106 psi and Poisson’s ratio of 0.3. The patch is 
12 in. long and 18 in. wide, and its elastic modulus and thickness were varied. As the first 
study, five cases were selected for the patch plate as shown in Table 1.  All these cases 
yield 1aS = .  The comparison between the analytical stress from Eq. (1) and the finite 
element result is compared for the five cases in Table 2. Overall, both results agree well. 
While the largest error is less than 10%, most of the cases show errors less than a few 
percent. The largest error occurred for the stiffest patch material and the thinnest patch 
thickness out of the five cases considered. This study verified Eq. (1). Furthermore, Fig. 5 
plots the stress distributions in the patched plate for all the cases, which were determined 
from the models. The zero reference in the thickness axis (i.e., horizontal axis) refers to 
the interface between the base plate and patch, and a location in the base plate is denoted 
by a negative coordinate in the thickness axis. 
 
 
Figure 4.  FE model for analysis 
 
Table 1. Combined thickness and elastic modulus of each patch layer 
 
CASE  1 2 3 4 5 
Thickness (in.) 0.4167 0.2083 0.1839 0.1042 0.0833 
Elastic Modulus (psi) 6.0e6 12e6 18e6 24e6 30e6 
 






Table 2 Comparison of FE & analytical results for max normal stress in the plate  
 
 
At the mid-length of the patch (section AA in Fig. 4) 
FE result Analytical Difference 
Case 1 2292 2292 0.0% 
Case 2 2588 2565 0.9% 
Case 3 2610 2680 -2.7% 
Case 4 2570 2735 -6.4% 






































For the next study, both analytical and FE solutions were plotted by changing 
either the patch thickness or patch stiffness as shown in Figs. 6 and 7. In those cases, aS  
varies as the variable changes. Figure 6 shows the maximum normal stress as a function 
of the patch thickness while the patch stiffness is selected to be equal to the plate 
stiffness. As expected, the maximum stress in the plate decreases as the patch thickness 
increases. The stress variation is approximately linear.  Likewise, Fig. 7 plots the 
maximum normal stress variation as a function of the patch modulus while the patch 
thickness is chose to be equal to the plate thickness.  Again, the stress decreases as the 
patch modulus increases. When comparing the effects of the thickness and modulus of 
the patch on the maximum stress in the base plate, the thickness results in a greater effect. 
This is because of the bending effect. Under bending, the stiffness ratio is expressed as in 
Eq. (10).  The overall stiffness ratio should be the between Eq. (9) and (10) because of 
the combined effect of axial and bending loads. Therefore, the effect of the thickness is 
more than a linear variation. Additionally, Figs. 6 and 7 also confirm that the analytical 
solutions agree well with the numerical results. Figure 8 shows the contour plots for 
varying patch thickness and modulus at the same time. 







Eplate=  Epatch= 10E+6
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Figure 6. Plot of max. normal stress at the mid-length of the patched section as a function 
of the patch thickness 
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Figure 7. Plot of max. normal stress at the mid-section of the patched section as a 
function of the patch modulus 
 

























Figure 8. Contour plots of max. normal stress with varying patch thickness and modulus 
 19 
The next study investigated the effect of geometric nonlinearity by comparing the 
solutions between the linear and nonlinear analysis models. The difference in the max. 
normal stresses is less than 1.5% as the elastic modulus of the patch varied from 0.5x107 
to 1.5x107 psi. This indicates the geometric nonlinear analysis is not necessary for a flat 
base plate. 
 
Table 3. Difference between linear and nonlinear solutions of max. normal stress 
Case Varying elasticity (10
7 psi) with constant thickness (0.25”) 
0.5 0.6 0.7 0.8 0.9 1.0 1.1 1.2 1.3 1.4 1.5 
Difference 1.4% 1.4% 1.3% 1.3% 1.3% 1.2% 1.2% 1.2% 1.2% 1.2% 1.2% 
 
 
B. ANALYSES OF STRAIN ENERGY RELEASE RATES 
Table 4 lists the geometric and material properties used for patched plates, and 
Fig. 9 shows a typical patch configuration. The first set of examples is used to examine 
the effect of patch length and width on the SERR at the crack tip of the patched plate. 
Figure 10 shows the variation of SERR at the crack tip as the patch length is changed 
from 5 in. to 19 in. for the two different crack sizes. These plots suggest that SERR 
remains almost constant as long as the patch length is a couple times longer than the 
crack length. Likewise, Fig. 11 shows the SERR variations as a function of the patch 
width. Almost the same conclusion can be derived as that for the patch length.  Therefore, 
the plane dimension of the patch should be at least a couple times larger than the crack 
size. 
The next study investigates the variation of Crack Opening Displacement (COD) 
along the thickness of the crack with and without a patch as shown in Fig. 12.  As 
expected, the COD is constant through the plate thickness without patching under a 
tensile load, but the patched plate shows the largest COD at the unpatched side and the 
smallest COD at the patched side. The COD at the unpatched side of the patched plate 
may be even greater than the COD of the unpatched plate depending on the patch 
condition. This suggests that an improper patch may not reduce the maximum COD of 
the crack.  
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Table 4. Basic specification of the FE model for patched plate 
 Plate Adhesive Patch 
Dimension(in) 24 x 20 12 x 18 12 x 18 
Thickness(in) 0.25 0.01 0.125~0.625 (21 cases) 
E (Elastic Modulus) 10e6 901e5 5~25e6 (21 cases) 
No. of Elem. (thick) 4 2 2 
ν (Poisson’s Ratio) 0.3 0.3 0.33 





Figure 9. Finite element model for patched plate 
Plate width : 20 




















 Crack  (a=2) 
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Patch length (in, cf. Plate length = 24.0)
Crack length = 4.0"
 
Figure 10. SERR variation with respect to the patch length (patch modulus=1x107 psi, 
patch thickness=0.25 in.) 
 



























Patch width (in, cf. Plate width = 20.0)  
Figure 11. SERR variation with respect to the patch width (patch modulus=1x107 psi, 
patch thickness=0.25 in.) 
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Figure 12. Comparison of crack opening displacements with and without patch (Nodal 
position 1 is the unpatched side and nodal position 9 is the patched side of the cracked 
plate.) 
 
 Figure 13 compares the CODs for different patches resulting in close SERR values. 
This figure indicates that the COD is proportional to the SERR. Figure 14 is the contour 
plot for the crack tip SERR with the variation of the patch modulus and thickness. One 
thing to be noted is that Figs. 8 and 14 are very comparable qualitatively. In other words, 
the contours for maximum stresses as computed in Eq. (1) are similar to those for SERR. 
This suggests that SERR may be predicted from Eq. (1). This proposal was expressed by 
Eq. (21). In order to check the validity of Eq. (21), the normalized SERR values are 
computed using FE analyses for various patch thicknesses and patch moduli for two 
different crack sizes, as expressed on the left side of Eq. (21). The normalized stresses are 
computed as expressed on the right-hand side of Eq. (21) for the same patch moduli and 
thicknesses. The normalized SERR and stress values are plotted in Fig. 15 in the form of 
y xβ= . Here y and x are the corresponding expressions in Eq. (21). The proportional 
constant β is selected to be 1.56, and this constant is independent of the crack size. This 
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plots show a good correlation between the FE results and the prediction using Eq. (21). 
Thus, Eq. (21) can be used to select the patch modulus and thickness to achieve the 
desired SERR values compared to the original SERR values before patching for a given 
cracked plate. 
 

























nodal position along the thickness
 GI=0.539 (E_patch=6E+6, t_pach=0.50")
 GI=0.544 (E_patch=7E+6, t_pach=0.45")
 GI=0.539 (E_patch=11E+6, t_pach=0.35")
 GI=0.540 (E_patch=21E+6, t_pach=0.25")
 
Figure 13. Comparison of COD of various analysis conditions resulting in similar SERR 
value 


























Figure 14. SERR distribution along with patch modulus and thickness 
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A simplified, analytical model was developed to be used for design of the single-
side patch repair for locally cracked plates using composites.  The analytical model 
computes the ratio of SERR for the single-side patched plate to that of the unpatched plate 
for given elastic moduli and thicknesses of the base plate and patch, respectively. That is, 
the analytical model helps to select the patch material and thickness to achieve the 
desired SERR level for a cracked plate based on the plate modulus, thickness, and crack 
length. The crack was assumed to be a through-the-thickness crack. Otherwise, the 
analytical model will result in a more conservative patch design. The simplified model 
was verified using finite element analyses of various patch cases. Engineers can use the 
analytical model to select a proper composite material and the number of composite 
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